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Abstract
The Wheeler-DeWitt equation is solved for the Bergmann-Wagoner scalar-
tensor gravitational theory in the case of Friedmann-Robertson- Walker cos-
mological model. We present solutions for several cosmological functions:
i)λ(φ) = 0, ii)λ(φ) = 3Λ0φ and iii) a more complex λ(φ), that depends
on the choice of the coupling function, considering closed, flat and hyperbolic
Friedmann universes (k = 1, 0,−1). In the first two cases we show parti-
cular quantum wormhole solutions. Also, classical solutions are considered
for some scalar-tensor theories, and we study the third quantization of some
minisuperspace models.
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I. INTRODUCTION
In this work we will consider the quantum cosmology of the Bergmann-Wagoner (BW)
theory of gravitation [1] in the homogeneous and isotropic case. This theory is the most
general scalar-tensor theory of gravitation. The action for this theory contains two arbitrary
functions of the scalar field, ω(φ) and λ(φ). Every specific choice of these functions define
a particular scalar-tensor theory. The function ω(φ) is a coupling function. A dual role
is played by the function λ(φ), it acts as a dynamical cosmological function that can give
cosmological models with small cosmological constant at present times consistent with the
observations but large at earlier times to produce inflation, and is also a potential function
in the equation for the scalar field. Among the particular cases of BW theory we have:
(1) Brans-Dicke theory (ω(φ) = ω0 = const., λ(φ) = 0 ) [2], (2) low energy limit of string
theory (ω(φ) = −1), Barker’s constant G theory (ω(φ) = (4 − 3φ)/(2φ− 2), λ(φ) = 0 ) [3],
Kaluza-Klein theory (ω = −(n − 1)/n, where the space-time dimension is 4 + n) [4]. In
the past several cosmological consequences of the classical BW theory have been studied:
exact solutions, qualitative analysis of the equations of motion and the implementation of
inflation (”no-hair” theorem).
Very little attention has been paid to the quantum cosmology of this general theory,
however several particular case has been studied [5]. Therefore it seems of interest to con-
sider the quantum cosmology obtained from the BW theory. In what follows we consider the
quantum cosmology of BW theory, that is, we keep as far as possible ω(φ) and λ(φ) arbi-
trary in the homogeneous and isotropic line element, we obtain the Wheeler-DeWitt(WDW)
equation [6] for this model. When we try to solve exactly the WDW equation by separation
of variables, it is found that we can do so for arbitrary ω(φ), but only for particular forms
of λ(φ). We solve the WDW equation for several potentials, finding general solutions to
the separated equations and from them we can use superposition to obtain wavefunctions
that satisfy particular boundary conditions. In particular we consider the wormhole wave-
functions that satisfy the HP regularity conditions [7]: (i) the wavefunction is exponentially
damped for large spatial geometry, and (ii) the wavefunction should be well behaved (reg-
ular) at the origin. This is because the wavefunction should represent Euclidean space for
large radius and there should be no singularities when the spatial geometry degenerates. At
the classical level, BW theory is known to have solutions representing wormholes [8]. Then,
we explore the possibility to get wormholes in the quantum case.
From the field equations one can also consider the classical problem; for those cases in
which classical solutions were not known, they are given. Explicitely for Brans-Dicke theory,
Barker’s theory and three families of other theories that have been studied previously [9,10].
In one particular case we obtained classical non-singular solutions.
On the other hand, because the fact that the WDW equation is a second-order hyperbolic
differential equation, there is no conserved positive-definite probability density as in the case
of the Klein-Gordon equation. Then, there is a problem in the interpretation that | ψ |2
is a probability, where ψ is a solution to the WDW equation. An alternative approach is
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the third quantization procedure [11], in analogy with the second quantization of the Klein-
Gordon equation. Thus, it can be construct a consistent probability measure in quantum
gravity by promoting ψ to a quantum field operator that acts on a Hilbert space of states.
Then, third-quantized universe theory describes a system of many universes. For one of the
potentials and the closed universe we carry out the third quantization of the model and
calculated the number of universes produced from nothing.
Another interesting aspect on the sense of third quantization is the study of quantum
effects in the universe evolution, for a specific potential we calculated the uncertainty rela-
tions and found that the quantum fluctuations are large for small values of the expansion
factor of the universe and are bounded for large values of it.
The organization of the paper is as follows: in the Sections II-IV we give a short review
of the minisuperspace models that lead to the class of WDW equations considered here, and
respective quantum solutions are given. In Sec. V we show a collection of classical solutions
for some scalar-tensor theories. In Sec. VI the quantum wormhole configurations are studied,
Sec. VII is devoted to study the third quantization of particular minisuperspace model for
N = 1/aφ
1
2 . In Sec. VIII we calculate the fluctuations of a third quantized minisuperspace
model for N = 1. Finally, we summarize and conclude in Sec. IX.
II. THE BERGMANN-WAGONER MINISUPERSPACE MODEL
In order to construct the minisuperspace model, our starting point is the action for
Bergmann-Wagoner scalar-tensor theory:
S =
1
l2p
∫
M
√−g
[
φR(4) − ω(φ)
φ
gµνφ,µφ,ν + 2φ λ(φ)
]
d4x+
2
l2p
∫
∂M
√
hφhijK
ij d3x, (2.1)
where g = det(gµ,ν), R
(4) is the scalar curvature of the Friedmann-Robertson-Walker(FRW)
theory, φ(t) is the conventional real scalar gravitational field, lp is the Planck length and
λ(φ) is the cosmological term. The second integral is a surface term involving the induced
metric hij and second fundamental form K
ij on the boundary, needed to cancel the second
derivatives in R(4) when the action is varied with the metric and scalar field, but not their
normal derivatives, fixed on the boundary. We want to study an homogeneous and isotropic
cosmological model, consequently we used the FRW metric line element in spherical polar
coordinates (t, r, θ,Φ), given by
ds2 = −N2(t)dt2 + a2(t)
[
dr2
1− kr2 + r
2(dθ2 + sin2 θ dΦ2)
]
, (2.2)
where N is the lapse function, a is the scale factor of the universe and the Ricci scalar is
R(4) = −6k
a2
− 6 a˙
2
N2a2
− 6 a¨
N2a
+ 6
a˙N˙
N3a
, (2.3)
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substituting Eq. (2.3) into Eq. (2.1) and integrating with respect to space coordinates, after
simplifications we have
S =
1
2
∫ [
−Nkaφ + aφ
N
a˙2 +
a2
N
a˙φ˙− Nω(φ)
6φ
a3φ˙2 +
N
3
a3φλ(φ)
]
dt, (2.4)
where dot denotes the time derivative with respect to the time t, now we introduce the
following new variables
x = aφ
1
2 , y =
∫ (
2ω(φ) + 3
12
) 1
2 dφ
φ
, Λ(y) =
λ(φ)
3φ
, dτ = φ
1
2dt, (2.5)
then the BW action simplifies to
SBW =
1
2
∫ [
x
N
x′2 − x
3
N
y′2 −Nkx+Nx3Λ(y)
]
dτ, (2.6)
prime denotes the time derivative with respect to the new time τ . The lapse function N is a
Lagrangian multiplier whose variation leads to a constraint equation. The Hamiltonian can
be constructed according to the standard canonical rule, and we expressed it as H = NH.
Since N is a Lagrange multiplier, we have the constraint H ≈ 0, and follow the Dirac
quantization procedure; the wavefunction of the universe is annihilated by the Hamiltonian
operator Hˆψ = 0, this equation is know as WDW equation. We can see that this wave
equation is independent of the lapse, however in the following sections we study particular
gauges N = 1 and N = 1/x, that results in separable WDW equations.
III. GAUGE N=1
With the choice N = 1, the action (2.6) becomes
SBW =
1
2
∫ [
xx′2 − x3y′2 − kx+ x3Λ(y)
]
dτ,
≡
∫
Ldτ, (3.1)
hence the canonical conjugate momenta corresponding to x and y are given by
πx =
∂L
∂x′
= xx′, πy =
∂L
∂y′
= −x3y′. (3.2)
The Hamiltonian H of the system is
H = 1
2
[
x−1π2x − x−3π2y + kx− x3Λ(y)
]
, (3.3)
now, the canonical momenta in Eq. (3.3) are converted into operators in the standard way,
π2x → −x−p ∂∂x
(
xp ∂
∂x
)
and π2y → − ∂
2
∂y2
, the ambiguity of factor ordering is encoded in the p
parameter, then the WDW equation is
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[
x2
∂2
∂x2
+ px
∂
∂x
− ∂
2
∂y2
− kx4 + x6Λ(y)
]
ψ(x, y) = 0. (3.4)
It is easy to see that this wave equation can be solved by means of separation variables
if Λ(y) = const., thus in the next subsections we present three simple solvable cases for
different cosmological terms.
A. Case Λ(y) = 0
First, let us consider the WDW equation without a cosmological term, then we have[
x2
∂2
∂x2
+ px
∂
∂x
− ∂
2
∂y2
− kx4
]
ψ(x, y) = 0, (3.5)
in order to solve this wave equation we make ψ(x, y) = eisyX(x), thus we obtain the following
solution given in terms of Bessel functions. In the next, we show the corresponding universe
wavefunction for the three possible values of spatial curvature constant k = −1, 0, 1.
i) k = 1
In a closed FRW model we have that the universe wavefunction is
ψs(x, y) = x
1−p
2 y
1
2
[
C1Im
(
x2
2
)
+ C2Km
(
x2
2
)] [
C3e
isy + C4e
−isy] . (3.6)
ii) k = −1
In the hyperbolic FRW universe, the solution is expressed in terms of modified first kind
Bessel functions
ψs(x, y) = x
1−p
2 y
1
2
[
C1Im
(
x2
2
)
+ C2I−m
(
x2
2
)] [
C3e
isy + C4e
−isy] , (3.7)
where s is a separation constant, and the Bessel function order is given by m =
1
2
√(
1−p
2
)2 − s2.
iii) k = 0
For a flat FRW universe the wavefunctions ψ(x, y) = eisyX(x) are
a) s = (1− p)/2
ψs(x, y) = x
1−p
2 y
1
2 [C1 + C2 lnx]
[
C3e
isy + C4e
−isy] , (3.8)
b) s 6= (1− p)/2
ψs(x, y) = x
1−p∓
√
(1−p)2−4s2
2 y
1
2
[
C1 + C2x
±
√
(1−p)2−4s2
] [
C3e
isy + C4e
−isy] . (3.9)
The solutions (3.6)-(3.9) are characterized by p and s as free parameters. Also, as was
defined in (2.5), variable y depends on arbitrary function ω(φ). Bearing this in mind we can
construct general solutions to the WDW equation by superposition of the given solutions.
Later on we obtain the wormholes solutions for k = 1.
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B. Case Λ(y) = Λ0
Now, we study the WDW equation with Λ(y) = Λ0, where Λ0 is a constant, this case is
equivalent to say that the effective cosmological term λ(φ) is proportional to the scalar field
φ, thus from Eq. (3.4) we have the following wave equation[
x2
∂2
∂x2
+ px
∂
∂x
− kx4 + Λ0x6 − ∂
2
∂y2
]
ψ(x, y) = 0. (3.10)
Setting ψ(x, y) = eisyX(x), the equation for the variable x is
x2X ′′(x) + pxX ′ + (s2 + Λ0x6 − kx4)X = 0, (3.11)
once again we will consider different values of k in this equation.
i) k = ±1
For the closed and hyperbolic model, the above equation is solvable by power series [12], but
the solution is a more complicated, then in order to look for another expressed in terms of
standard functions [13], we take X(x) = zAf(z) (z = x2), thus Eq. (3.11) transform into
4z2f ′′(z) + (2 + p+ 8A)f ′ +
[
4A2 + (p− 2)A+ s2 ∓ z2 + Λ0z3
]
f = 0, (3.12)
in order to get an exact solution of this equation, we need to satisfy 2 + p + 8A = 0 and
4A2 + (p − 2)A + s2 = 0 this imply that A = −2+p
8
and p = −2±2
√
2−s2
3
then, Eq. (3.12)
reduce to a more simple form
f ′′(z) +
1
4
(Λ0z ∓ 1) f = 0, (3.13)
next, we use the substitution f(z) = U(ϕ) with (2Λ0ϕ)
2
3 = Λ0z ∓ 1, thus the universe
wavefunction in terms of Airy functions is
ψ(x, y) =
{
C1Ai
[
− (2Λ0)−
2
3
(
Λ0x
2 ∓ 1
)]
+ C2Bi
[
− (2Λ0)−
2
3
(
Λ0x
2 ∓ 1
)]}
x−2p−1+2
√
p2−p−s2+1/4 {C3eisy + C4e−isy} . (3.14)
ii) k = 0
In a flat FRW universe, the wavefunction is
ψs(x, y) = x
1−p
2 y
1−q
2
[
C1IM
(√
Λ0
3
x3
)
+ C2I−M
(√
Λ0
3
x3
)] [
C3e
isy + C4e
−isy] , (3.15)
where I±M is a modified Bessel function and M = 13
√(
1−p
2
)2 − s2, and by superposition we
can obtain wavefunctions satisfying particular boundary conditions. On the other hand, for
the case k = ±1 we do not have a complete set of solutions, but only two particular solutions
for the specific choice of the factor ordering parameter p.
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IV. GAUGE N=1/X
In this section our aim is show another solvable quantum model with N = 1/x, then the
action (2.6) becomes
S =
∫
1
2
[
x2x′2 − x4y′2 + x2Λ(y)− k
]
dτ, (4.1)
and with the following change of independent variables
α = x2 cosh(2y), β = x2 sinh(2y), (4.2)
the action (4.1) takes the symmetric form
S =
1
2
∫ [
1
4
(
α′2 − β ′2
)
+ Λ1α + Λ2β − k
]
dτ, (4.3)
where we have chosen the cosmological term as
Λ(y) = Λ1 cosh(2y) + Λ2 sinh(2y), (4.4)
where Λ1 and Λ2 are constants, and the canonical momenta are given by
πα =
α′
4
, πβ = −β
′
4
. (4.5)
The Hamiltonian is constructed as
H = 2π2α − 2π2β +
1
2
(k − Λ1α− Λ2β), (4.6)
thus the corresponding WDW equation is
[
∂2
∂α2
− ∂
2
∂β2
+
1
4
(Λ1α + Λ2β − k)
]
ψ(α, β) = 0. (4.7)
In particular, we can get exact solutions setting ψ(α, β) = A(α)B(β) and introducing the
new variables
γ = (2Λ1)
− 2
3 (k − 4s2 − Λ1α), η = (2Λ1)− 23 (Λ2β − 4s2), (4.8)
where s is the separation constant. Then we obtain Airy equations G′′(γ) − γG = 0 and
H ′′(η)− ηH = 0. Consequently, the universe wavefunction for this model is
ψ(α, β) =
{
C1Ai
[
(2Λ1)
− 2
3 (k − 4s2 − Λ1α)
]
+ C2Bi
[
(2Λ1)
− 2
3 (k − 4s2 − Λ1α)
]}
{
C3Ai
[
(2Λ2)
− 2
3 (Λ2β − 4s2)
]
+ C4Bi
[
(2Λ2)
− 2
3 (Λ2β − 4s2)
]}
. (4.9)
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To have a wavefunction for a particular theory we take the choice ω(φ) = ω0 = const., we
obtain a cosmological term in the Brans-Dicke theory that could lead to inflation in the
classical theory [14,15]
λ(φ) = λ1φ
ρ+1 + λ2φ
−ρ+1, (4.10)
where ρ is given by ρ =
√
(2ω0 + 3)/3 then, variables α and β becomes to
α =
a
2
(
φρ+
1
2 + φ−ρ+
1
2
)
, β =
a
2
(
φρ+
1
2 − φ−ρ+ 12
)
, (4.11)
in this case of Brans-Dicke theory, the universe wavefunction is
ψ(a, φ) =
{
C1Ai
[
(8Λ1)
− 2
3
(
2k − 8s2 − Λ1a
(
φρ+
1
2 + φ−ρ+
1
2
))]
+C2Bi
[
(8Λ1)
− 2
3
(
2k − 8s2 − Λ1a
(
φρ+
1
2 + φ−ρ+
1
2
))]}
{
C3Ai
[
(8Λ2)
− 2
3
(
Λ2a
(
φρ+
1
2 + φ−ρ+
1
2
)
− 8s2
)]
+C4Bi
[
(8Λ2)
− 2
3
(
Λ2a
(
φρ+
1
2 + φ−ρ+
1
2
)
− 8s2
)]}
. (4.12)
Depending on the sign of the argument the Airy functions are oscillatory or exponential, by
superposition, different boundary conditions can be satisfied. In the next section we show
some classical solutions for the general and some particular theories.
V. CLASSICAL SOLUTIONS
The classical equations of motion for this model derived from the action (4.3) are
α′′(τ)− 2Λ1 = 0, (5.1)
β ′′(τ) + 2Λ2 = 0, (5.2)
with the Hamiltonian constraint equation given by
α′2 − β ′2 − 4Λ1α− 4Λ2β + 4k = 0. (5.3)
The solution of system (5.1)-(5.2) is
α(τ) = Λ1τ
2 + C1τ + C2, (5.4)
β(τ) = −Λ2τ 2 + C3τ + C4, (5.5)
where C1 and C2 are integration constants and satisfy C
2
1 −C23 − 4Λ1C2 − 4Λ2C4 + 4k = 0.
In the following we study simply choices of the ω(φ) function, this lead us to Brans-Dicke
and Barker theories, also we consider three general parameterized theories that have been
studied by other authors [9,10] in the Appendix.
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A. Brans-Dicke theory
Choosing ω(φ) = ω0, then y =
ρ
2
lnφ and we obtain the following solution
a(τ) =
[
(Λ1 + Λ2)τ
2 + (C1 − C3)τ + C2 − C4
]m
[
(Λ1 − Λ2)τ 2 + (C1 + C3)τ + C2 + C4
]m−n
, (5.6)
φ(τ) =
[
(Λ1 − Λ2)τ 2 + (C1 + C3)τ + C2 + C4
(Λ1 + Λ2)τ 2 + (C1 − C3)τ + C2 − C4
]n
, (5.7)
where m = (1+ ρ)/4ρ, n = 1/2ρ and ρ =
√
(2ω0 + 3)/3. Here we have a family of solutions,
depending on several parameters, in the next subsection we take particular values of the
parameter to have explicit solutions that are easier to analyze. We found singular and non
singular solutions.
1. Non singular solution
Setting C1 = C3 = C4 = 0, C2 = k/Λ1 and Λ1 = Λ2 in the above equations, we have the
solution
a(τ) = a0
[
τ 2
τ 20
+ 1
]m
, (5.8)
and
φ(τ) =
[
τ 2
τ 20
+ 1
]−n
, (5.9)
where a0 = (k
2/Λ21)
1
4 and τ 20 = k/2Λ
2
1, this solution corresponds to a cosmological term of
the form Λ(α, β) = Λ1
√
(α+ β)/(α− β) and is not singular for k = 1, we can verify this,
by direct substitution of the solution in the metric invariants
R = −6
[
k
a2
+ 2φ2a′2 + aφa′φ′ + aφ2a′′
]
, (5.10)
R1 =
3
4a4
[
k − a3φa′φ′ − a3φ2a′′
]2
, (5.11)
R2 = − 1√
3
R
3/2
1 , (5.12)
R3 =
7√
12
R21. (5.13)
9
Introducing the solutions (5.8) and (5.9) in the Ricci scalar (5.10) we obtain
R = − 6
a20τ
4
0
(
τ2
τ20
+ 1
)2(m+1)
[
k(τ 20 + τ
4) +
+ 2τ 2
{
kτ 20 + a
4
0m(6m− 2n− 1)
(
τ 2
τ 20
+ 1
)}
+2a40mτ
2
0
(
τ 2
τ 20
+ 1
)]
, (5.14)
and the R1 invariant takes the form
R1 = − 3
4a40τ
8
0
(
τ2
τ20
+ 1
)4(m+1)
[
k(τ 40 + τ
4) +
+ 2τ 2
{
kτ 20 + 2a
4
0m(2n− 2m+ 1)
(
τ 2
τ 20
+ 1
)}
− 2a40mτ 20
(
τ 2
τ 20
+ 1
)]2
. (5.15)
It is easy to check that this two invariants are finite for all values of τ .
2. Singular solution
Another classical cosmological solution can be obtained by choosing C1 = C3 = 0, C2 =
C4 = k/2Λ1 and Λ1 = Λ2, thus the solutions (5.6)-(5.7) are reduced to
a(τ) = a′0τ
2m, (5.16)
φ(τ) = φ′0τ
−2n, (5.17)
where a′0 = 2
1
4 τ
−n
2
0 and φ
′
0 = τ
2n
0 . These solutions in the cosmic time t take the form
a(t) = a′t
2(1+ρ)
2−3ρ , (5.18)
φ(t) = φ′t
4
3ρ−2 , (5.19)
where a′ = a′0
{
21/4τ 3/4ρ
(
1+ρ
2ρ
)} 2(1+ρ)
2−3ρ and φ′ = φ′0
{
21/4τ 3/4ρ
(
1+ρ
2ρ
)} 4
3ρ−2 . For other theories
see the Appendix.
VI. QUANTUM WORMHOLE SOLUTIONS
In this part we show some special solutions of the WDW equation for N = 1 and
N = 1/x, which are known as quantum wormholes.
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A. Case Λ(y) = 0, N = 1
For the closed universe (k = 1), assuming p = 1 the solution to WDW equation (3.5) is
ψs(x, y) =
[
C1Iis
(
x2
2
)
+ C2Kis
(
x2
2
)] [
C3e
isy + C4e
−isy] . (6.1)
If we choose the family of solutions
ψs(x, y) = Ce
isyKis
(
x2
2
)
, (6.2)
then we can generates a quantum wormhole basis, namely, making wave superposition
ψWH(x, y) =
∫ +∞
−∞
C(s)eisyKis
(
x2
2
)
ds, (6.3)
if we take C(s) = eiµs (µ = const.), by means of a Kontorovich-Lebedev integral transform
[16] we obtain
ψµ(x, y) = e
−x2
2
cosh[2y+µ]. (6.4)
This solution is a quantum wormhole, because it satisfies the Hawking-Page regularity
boundary conditions, i.e., the wavefunction is exponentially damped for large spatial geo-
metry, and also, is regular when the spatial geometry degenerates [7]. Wormholes may play
an important role in solving problems associated with the complete evaporation of black
holes, and it is believed that they produce effective interactions in the low energy physics
[17] that turn the coupling constants of nature into dynamical variables [18]. The set of
wavefunctions ψs and ψµ are spanning the same space of physical states, and are both bases
of the Hilbert space of the model in the corresponding representation, and Eq. (6.3) is the
connection between these bases ψs and ψµ [19,20]. For Euclidean wormholes in BW theory
see [21].
B. Case Λ(y) = Λ0, N = 1
In a similar way, for a flat model (k = 0), we find for Λ0 < 0 the following quantum
wormhole basis
ψµ(x, y) = e
−√Λ0x3 cosh [3y−µ], (6.5)
again this solution satisfy the mentioned Hawking-Page wormhole condition, and by direct
substitution we can verify that basis (6.5) is a particular solution of the Eq. (3.10).
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C. Case Λ(η/ξ) = 0, N = 1/x
Also quantum wormholes can be obtained from action (2.6) withN = 1/x, if we introduce
the following independent variables
ξ = x cosh y, η = x sinh y, (6.6)
then the new action is
S =
1
2
∫ [
ξ2ξ′2 − ξ2η′2 − η2ξ′2 + η2η′2 − k + (ξ2 − η2)2Λ(η/ξ)
]
dτ, (6.7)
and the corresponding WDW equation is[
∂2
∂ξ2
− ∂
2
∂η2
− (ξ2 − η2)k + (ξ2 − η2)2Λ(η/ξ)
]
ψ(ξ, η) = 0. (6.8)
Choosing Λ(η/ξ) = 0 and considering a closed model (k = 1), Eq. (6.8) simplifies to[
∂2
∂ξ2
− ξ2 − ∂
2
∂η2
+ η2
]
ψ(ξ, η) = 0, (6.9)
we can see that this is, the equation for two harmonic oscillators with opposite signs of the
energy with solution
ψ(ξ, η)WH = Hn(ξ)Hn(η)e
− ξ2+η2
2 . (6.10)
where Hn are Hermite polynomials of order n. These harmonic-oscillator solutions are a
quantum wormhole basis, since satisfied the Hawking-Page regularity boundary condition,
(i) the solutions are regular at the origin and (ii) damped at infinity.
VII. THIRD QUANTIZATION
It is known that the WDW equation is a result of the quantization of a geometry and
mater (second quantization of gravity). The procedure of quantizing the wavefunction ψ
is called third quantization [11], in this theory we consider ψ as an operator acting on the
state vectors of a system of universes and can be decomposed as
ψ(α, β) =
∫ ∞
−∞
ds
[
C(s)ψs(α, β) + C(s)
†ψ∗(α, β)
]
, (7.1)
where ψ(α, β) and ψ∗(α, β) form complete orthonormal sets of solutions to the WDW equa-
tion. This is in analogy with the quantum field theory, where C(s) and C†(s) are creation
and annihilation operators. Thus, we expect that the vacuum state in a third quantized
theory is unstable and creation of universes from the initial vacuum state takes place. In
this view, the variable α plays the role of time, and variable β the role of space. The
wavefunction ψ(α, β) is interpreted as a quantum field in minisuperspace.
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We assume that the creation and annihilation operators of universes obey the standard
commutation relations
[C(s), C†(s′)] = δ(s− s′), [C(s), C(s′)] = [C†(s), C†(s′)] = 0, (7.2)
and we expand the field ψ in normal modes ψs as shown in Eq. (7.1). Here, the wave number
s is the momentum in Planck units and is very small. Let us consider now the last quantum
model (4.7) for Λ2 = 0 and closed universe k = 1. Then, the WDW equation becomes[
∂2
∂α2
− ∂
2
∂β2
+
1
4
(Λ1α− 1)
]
ψ(α, β) = 0. (7.3)
A complete set of normalized positive frequency solutions to this equation [15] is
ψ+s (α, β) =
eisβ
(16Λ1)
1
16
{
Ai
[
(2Λ1)
− 2
3 (1− 4s2 − Λ1α)
]
+
iBi
[
(2Λ1)
− 2
3 (1− 4s2 − Λ1α)
]}
, (7.4)
and
ψ−s (α, β) =
√
2 eisβ
(16Λ1)
1
16
{
e
(1−4s2)
3
2
3Λ1 Ai
[
(2Λ1)
− 2
3 (1− 4s2 − Λ1α)
]
+
i
2
e
− (1−4s2)
3
2
3Λ1 Bi
[
(2Λ1)
− 2
3 (1− 4s2 − Λ1α)
]}
, (7.5)
the wavefunctions ψ+s and ψ
−
s can be seen as a positive frequency out going and in modes,
respectively, and these solutions are orthonormal with respect to the Klein-Gordon scalar
product
〈ψs, ψs′〉 = i
∫
ψs
↔
∂ β ψ
∗
s′dβ = δ(s− s′). (7.6)
As both sets, (7.4) and (7.5) are complete, they are related to each other by the Bogoliubov
transformation defined by
ψ+s (α, β) =
∫
dr
[
M+(s, r)ψ−r (α, β) +M
−(s, r)ψ−r (α, β)
]
. (7.7)
The wavefunction ψ(α, β) can be expanded in terms of annihilation and creation operators
for each set of modes, then with wavefunctions (7.4) and (7.5) we obtain that the Bogoliubov
coefficients M+(s, r) = δ(s− r)v(s) and M−(s, r) = δ(s+ r)w(s) are
M±(s, r) = δ(s∓ r) 1√
2

1
2
e
− (1−4s2)
3
2
3Λ1 + e
(1−4s2)
3
2
3Λ1

 . (7.8)
The coefficients M±(s, r) are not equal to zero. Thus, two Fock spaces constructed with
the help of the modes (7.4) and (7.5) are not equivalent and we have two different third
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quantized vacuum states (voids): The in-vacuum | 0, in〉 and out-vacuum | 0, out〉, (which
are the states with no FRW-like universes) defined by
Cin(s) | 0, in〉 = 0 and Cout(s) | 0, out〉 = 0, (7.9)
where s ∈ R. As was mentioned, since the vacuum states | 0, in〉 and | 0, out〉 are not
equivalent, the birth of the universes from nothing may have place, where nothing is the
vacuum state | 0, in〉. The average number of universes produced from nothing, in the s-th
mode N(s) is
N(s) =
〈
0, in | C†out(s)Cout(s) | 0, in
〉
, (7.10)
as follows from Eq. (7.8) we get
N(s) =
1
2

1
2
e
− (1−4s2)
3
2
3Λ1 − e
(1−4s2)
3
2
3Λ1


2
. (7.11)
In view of Coleman’s wormhole mechanism [18] for the vanishing cosmological constant, we
take the constraint Λ1 ≤ 1/8π × 10−120m4p, also assuming |s| << 1, then notice that we can
get the number of state N(s)
N(s) ≈ 1
2
e
2
3Λ1
(1−4s2) 32
. (7.12)
This result from third quantization shows that the number of the universes produced from
nothing is exponentially large.
VIII. UNCERTAINTY RELATION
In this section we will study third quantization for the gauge N = 1, in order to get the
uncertainty Heisenberg relation, we start from WDW equation (3.4), setting Λ(y) = Λ0 we
have [
x2
∂2
∂x2
+ px
∂
∂x
− ∂
2
∂y2
− x4(k − Λ0x2)
]
ψ(x, y) = 0, (8.1)
if we choose p = −1 and introducing the new variable z = x2, the above equation transform
into [
∂2
∂z2
− 1
4z2
∂2
∂y2
+ U(z)
]
ψ(z, y) = 0, (8.2)
U(z) = −1
4
(k − Λ0z). (8.3)
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The third-quantized action to construct de WDW equation (8.2) is
S =
1
2
∫ (∂ψ
∂z
)2
− 1
4z2
(
∂ψ
∂y
)2
− U(z)ψ2

 dzdy. (8.4)
Now we use a Fourier decomposition in order to obtain decoupled degrees of freedom, the
universe field ψ(z, y) will be expand in sine and cosine functions. We assume that our
quantum system is confined to a one-dimensional box with periodic boundary conditions,
with the coordinate length fixed at a arbitrary value M , then
ψ(z, y) =
√
2π
M

ψ(z, 0) +
∑
q=2pin/M
1√
2
[ψ+(z, q) cos qy + ψ−(z, q) sin qy]

 , (8.5)
where ψ+(z,−q) = ψ+(z, q) and ψ−(z,−q) = ψ−(z, q). By substituting the expansion (8.5)
into Eq. (8.4), we obtain that
L =
1
2
∑
σ


(
∂ψσ
∂z
)2
− q
2
4z2
ψ2σ − U(z)ψ2σ

 , (8.6)
where we have denoted the mode variables ψ(z, 0) and ψ±(z, q) by ψσ(z) and Eq. (8.6)
is rescaled to ψσ →
√
M/2πψσ. The above sum includes zero mode ψ(z, 0) for each pair
(q,−q), in this way the mode variable ψσ is completely decoupled from each other. Now the
Hamiltonian is given by
Hσ =
∑
σ
1
2
[
π2σ +
(
q2
4
+ U(z)
)
ψ2σ
]
. (8.7)
To quantize this system (8.7), we impose the equal time commutation relations
[
ψˆσ, πˆ
′
σ
]
= iδσ,σ′ . (8.8)
The wave functional of any energy eigenstate is factorized as
Ψ =
∏
σ
Ψσ [z, ψσ] . (8.9)
In order to get the Heisenberg uncertainty relation we use the Schro¨dinger picture, then we
make the substitution ψˆ → ψσ and πˆσ → −i ddψσ . Then, the Schro¨dinger equation for each
mode variable is
i
∂Ψσ
∂z
=
1
2
[
− ∂
2
∂ψ2σ
+
(
q2
4z2
+ U(z)
)
ψ2σ
]
Ψσ. (8.10)
We will solve the above wave functional equation by using the Gaussian ansatz
ψα[z, ψσ] = C exp{−1
2
Aα(z, q)[ψσ(z, q)− θσ(z, q)]2 + iPσ(z, q)[ψσ(z, q)− θσ(z, q)]}, (8.11)
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Aα(z, q) = Dσ(z, q) + iFσ(z, q), (8.12)
where the real functions Dσ(z, q), Fσ(z, q) Pσ(z, q), and θσ(z, q) have to be determined from
Eq. (8.10). C is a normalization of the wave function. The inner product of two functionals
ψ1σ(z, ψσ) and ψ2σ(z, ψσ) is defined by
< ψ1 | ψ2 >z=
∫
dψσψ1σ[z, ψσ]ψ
∗
2σ[z, ψσ]. (8.13)
We shall calculate Heisenberg’s uncertainty relation, the dispersion of ψσ is given by
(∆ψσ)
2 ≡< ψ2σ >z − < ψσ >2z, from Eqs. (8.11) and (8.13) we have
< ψ2σ >z=
1
2Dσ(z, q)
+ η2σ(z, q), < ψσ >z= η
2
σ(z, q), (8.14)
then
(∆ψσ)
2 =
1
2Dσ(z, q)
, (8.15)
and the dispersion of πσ is (∆πσ)
2 ≡< π2σ >z − < πσ >2z, where
< π2σ >z=
Dσ(z, q)
2
+
F 2σ (z, q)
2Dσ(z, q)
+ P 2σ (z, q), < πσ >z= Pσ(z, q), (8.16)
then simplifying
(∆πσ)
2 =
Dσ(z, q)
2
+
F 2σ (z, q)
2Dσ(z, q)
, (8.17)
thus we obtain the uncertainty relation
(∆ψσ)
2 (∆πσ)
2 =
1
4

1 +
[
Fσ(z, q)
Dσ(z, q)
]2
 . (8.18)
In order to obtain Fσ(z, q) and Dσ(z, q) we substitute the ansatz (8.11) into Eq. (8.10), thus
we obtain the equation of motion for Aσ(z, q):
− i d
dz
Aσ(z, q) = −A2σ(z, q) +
q2
4z2
+ U(z). (8.19)
Now we substitute
Aσ(z, q) = −i d
dz
lnuσ(z, q), (8.20)
where uσ(z, q) is the solution of the WDW equation[
∂2
∂z2
+
q2
4z2
+ U(z)
]
uσ(z, q) = 0. (8.21)
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Now first, we analyze the behavior of uσ for large scales (a → ∞), then the second term
q2/4z2 in the wave equation (8.21) can be neglected, and its solution in terms of Airy
functions is
uσ(z, q) = Ai
[(
4Λ20
)− 1
3 (Λ0z − k)
]
+ ̺Bi
[(
4Λ20
)− 1
3 (Λ0z − k)
]
, (8.22)
where ̺ is a complex constant. Substituting (8.22) into (8.20), we obtain that
Aσ(z, q) = iΛ0(4Λ
2
0)
1
3
Ai
[
(4Λ20)
− 1
3 (Λ0z − k)
]
+ ̺Bi′
[
(4Λ20)
− 1
3 (Λ0z − k)
]
Ai
[
(4Λ20)
− 1
3 (Λ0z − k)
]
+ ̺Bi
[
(4Λ20)
− 1
3 (Λ0z − k)
] , (8.23)
where the prime denotes differentiation with respect to z, also we have
Dσ(z, q) = ReAσ(z, q) = Λ0(4Λ
2
0)
− 1
3
(Im̺)(Ai′ + ̺Bi′)
| Ai + ̺Bi |2 , (8.24)
and
Fσ(z, q) = −ImAσ(z, q) = Λ0(4Λ20)−
1
3
Ai′Ai+ | ̺ |2 Bi′Bi + (Re̺)(Bi′Ai + Ai′Bi)
| Ai + ̺Bi |2 , (8.25)
therefore the uncertainty relation becomes
(∆ψσ)
2 (∆πσ)
2 =
1
4
{
1 +
π2
(Im̺)2
[
Ai′Ai+ | ̺ |2 Bi′Bi + (Re̺)(Bi′Ai + Ai′Bi)
]2}
. (8.26)
For large scales (a→∞), the above uncertainty relation is given by
(∆ψσ)
2 (∆πσ)
2 ≃ 1
4
{
1 +
1
(Im̺)2
[
(| ̺ |2 −1) sin
[
4
3
(4Λ20)
− 3
4 (k − Λ0z) 32 + π
2
]
− 2(Re̺) cos
[
2
3
(4Λ20)
− 3
4 (k − Λ0z) 32 + π
2
]]2}
, (8.27)
for ̺ = −i, we get that
(∆ψσ)
2 (∆πσ)
2 ≃ 1
4
, (8.28)
and when ̺ 6= −i and | β |>> 1
(∆ψσ)
2 (∆πσ)
2 ≃ 1
4
[
1 +O(| β |2)
]
. (8.29)
This means that the quantum fluctuations of the third-quantized closed universe field are
bounded at a finite value according Eq. (8.26), during the universe expansion (a → ∞).
Now we study the behavior of uσ for small scales (a → 0). Assuming that 0 < Λ0 ≤ 1 in
Planck units and k = 1, the solution to Eq. (8.21) is
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uσ(z, q) =
√
z
[
Iν
(
z
2
)
+ γKν
(
z
2
)]
, (8.30)
where Iν and Kν are modified Bessel functions, γ is a complex constant, and ν =
1
4
√
1− q2.
Substituting the general solution (8.30) into Eq. (8.20), we obtain
Dσ = ReAσ =
Imγ(K ′νIν − I ′νKν)
2 | Iν + γKν |2 , (8.31)
Fσ = ImAσ = −z
−1 | Iν + γKν |2 +I ′νIν+ | γ |2 K ′νKν + Reγ(K ′νIν + I ′νKν)
2 | Iν + γKν |2 , (8.32)
the prime denotes differentiation with respect to z. Then, the uncertainty relation is
(∆ψσ)
2(∆πσ)
2 =
1
4
{
1 +G2σ
}
, (8.33)
where
Gσ = (Imγ)
−1z2
[
z−1(I2ν+ | γ |2 K2ν) + I ′νIν+ | γ |2 K ′νKν + Reγ(K ′νIν + I ′νKν)
]
, (8.34)
since we have assumed that our system is confined to a one-dimensional box with periodic
boundary conditions, with the coordinate length fixed at an arbitrary value M , if we take
the limit M →∞, then we can choose ν2 > 0, and for small scales (a→ 0) the asymptotic
behavior [13] of Eq. (8.33) is
(∆ψσ)
2(∆πσ)
2 =
1
4
{
1 +Qz−4|ν|
}
, (8.35)
where Q is some positive constant. This means that the fluctuation of the third-quantized
universe field becomes large for small scales (a→ 0). For the case in which ν2 < 0, so that
ν is pure imaginary, we obtained an oscillatory behavior of Gσ and does not have a definite
magnitude [22] when a→ 0.
IX. CONCLUSIONS AND DISCUSSION
In this paper we have investigated some issues of quantum cosmology of simple mini-
superspace models in the Bergmann-Wagoner theory, after quantizing the models we have
obtained a class of separable Wheeler-DeWitt equations. We construct universe wavefunc-
tions for flat, closed and open cosmologies.
The first physical consideration of wavefunctions here obtained, is related with the fact
of that in quantum gravity the topology of spacetime is expected to fluctuate on Planck
scales [23]. The spacetime might be multiply connected, these connections are microscopic
wormholes. Hawking and Page [7] have argued that wormholes are solutions of the WDW
equation, which are exponentially damped for large three-geometries, and regular in some
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suitable way when the three-geometry collapses to zero. We have shown two discrete basis
of wormholes for λ(φ) = 0 and λ(φ) = 3Λ0φ cosmological terms. Also, we have presented
singular and non singular general solutions in the closed Brans-Dicke cosmology.
The second physical consideration is related with the third quantization of the universe.
The solutions of WDW equation have problems with the probabilistic interpretation. In the
usual formulation of quantum mechanics a conserved positive-definite probability density is
required for a consistent interpretation of the physical properties of a given system, and the
universe in the quantum cosmology perspective, does not satisfy this requirement, because
the WDW equation is a hyperbolic second order differential equation, there is no conserved
positive-definite probability density as in the case of the Klein-Gordon equation, an alter-
native to this, is to regard the wavefunction as a quantum field in minisuperspace rather
than a state amplitude, and the strategy is to perform a third quantization in analogy with
the quantum field theory. Thus, the aim of this approach is to construct a consistent pro-
babilistic measure in quantum gravity by promoting the wavefunction of the universe to a
quantum field operator that acts on a Hilbert space of states. The vacuum state in this space
is identified as the state where the universe does not exist. Topology changing processes
can then be described by including self-interaction of the universe field. In quantum field
theory, the particles are created from the vacuum by a time-varying external potential and
this suggests that universes could be created via a similar process. In the third quantization
the universe field is expanded into positive frequency in- and out-mode functions and their
hermitian conjugates. The in- and out-modes are related to one another by the Bogoliubov
coefficients and these determine the number of universes in a given mode. We have found for
a simple minisuperspace model with a potential term λ(y) = Λ1 cosh (2y), that the number
of the universes produced from nothing is exponentially large.
On the other hand, quantum fluctuations of flat and open minisuperspace models have
been analyzed by the method of a time dependent Hermitian invariant [24], and was ob-
tained that the fluctuation around each WDW trajectory converges to its minimum rapidly
in the course of the cosmic expansion. Nevertheless, the closed models have not been ana-
lyzed by this method. We studied the third-quantization of a closed minisuperspace model
by using the functional Schro¨dinger equation in order to investigate the Heisenberg uncer-
tainty relation, and we found that quantum fluctuation of the third-quantized universe field
becomes small for large scales (a → ∞) in the course of cosmic expansion. Also we found
an exponentially large dominance of quantum effects for small scales (a→ 0). The opposite
behavior for the uncertainties was obtained by Phole [25], the difference is do to the fact
that he was considering the classically forbidden region as was pointed out by Horiguchi
[22].
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APPENDIX A: CLASSICAL SOLUTIONS FOR SOME SCALAR-TENSOR
THEORIES
Here we consider some particular choices for the coupling function ω(φ), that have been
used previously by some other authors. A common property of these coupling functions is
that they give an analytical result for the integral in Eq.(2.5).
1. Barker’s theory
The choice ω(φ) = 4−3φ
2φ−2 lead us to the Barker’s theory. This coupling function has the
characteristic of making G˙ = 0 to first order in the weak-field limit [3]. Using this coupling
function we obtain the solution
a(τ) =

tan ln
[
(Λ1 + Λ2)τ
2 + (C1 − C3)τ + C2 − C4
(Λ1 − Λ2)τ 2 + (C1 + C3)τ + C2 + C4
]√3
+ 1


− 1
2
[[(Λ1 + Λ2)τ
2 + (C1 − C3)τ + C2 − C4]
[(Λ1 − Λ2)τ 2 + (C1 + C3)τ + C2 + C4]] 14 , (A1)
and
φ(τ) = tan ln
[
(Λ1 + Λ2)τ
2 + (C1 − C3)τ + C2 − C4
(Λ1 − Λ2)τ 2 + (C1 + C3)τ + C2 + C4
]√3
+ 1. (A2)
2. Theory 1
For the coupling function 2ω(φ) + 3 = B21φ
2(l+1), B1 > 0 [9], we obtain the following
solution
a(τ) =

ln
[
(Λ1 + Λ2)τ
2 + (C1 − C3)τ + C2 − C4
(Λ1 − Λ2)τ 2 + (C1 + C3)τ + C2 + C4
]√3(l+1)
2B1


− 1
2(l+1)
[[(Λ1 + Λ2)τ
2 + (C1 − C3)τ + C2 − C4]
[(Λ1 − Λ2)τ 2 + (C1 + C3)τ + C2 + C4]] 14 , (A3)
φ(τ) =

ln
[
(Λ1 + Λ2)τ
2 + (C1 − C3)τ + C2 − C4
(Λ1 − Λ2)τ 2 + (C1 + C3)τ + C2 + C4
]√3(l+1)
2B1


1
l+1
. (A4)
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3. Theory 2
If we take 2ω(φ) + 3 = B2 | ln
(
φ
φ0
)
|−2δ [10], the resulting solution to the cosmological
equations is given by
a. δ 6= 1
a(τ) = φ
− 1
2
0 exp

−
1
2
{√
3
B2
(1− δ) ln
[
(Λ1 + Λ2)τ
2 + (C1 − C3)τ + C2 − C4
(Λ1 − Λ2)τ 2 + (C1 + C3)τ + C2 + C4
]} 1
1−δ


{
[(Λ1 + Λ2)τ
2 + (C1 − C3)τ + C2 − C4][(Λ1 − Λ2)τ 2 + (C1 + C3)τ + C2 + C4]
} 1
4 , (A5)
and
φ(τ) = φ0 exp
{√
3
B2
(1− δ) ln
[
(Λ1 + Λ2)τ
2 + (C1 − C3)τ + C2 − C4
(Λ1 − Λ2)τ 2 + (C1 + C3)τ + C2 + C4
]} 1
1−δ
. (A6)
b. δ = 1
a(τ) = φ
− 1
2
0 exp

−12
[
(Λ1 + Λ2)τ
2 + (C1 − C3)τ + C2 − C4
(Λ1 − Λ2)τ 2 + (C1 + C3)τ + C2 + C4
] 1
4
√
3B2


{
[(Λ1 + Λ2)τ
2 + (C1 − C3)τ + C2 − C4][(Λ1 − Λ2)τ 2 + (C1 + C3)τ + C2 + C4]
} 1
4 , (A7)
and
φ(τ) = φ0 exp
[
(Λ1 + Λ2)τ
2 + (C1 − C3)τ + C2 − C4
(Λ1 − Λ2)τ 2 + (C1 + C3)τ + C2 + C4
] 1
4
√
3B2
. (A8)
4. Theory 3
For the last function considered here we choose 2ω(φ)+3 = B3
1−
(
φ
φ0
)A with A > 0, B3 > 0
[10], and we obtain
a(τ) = φ
− 1
2
0

1− tanh ln
[
(Λ1 + Λ2)τ
2 + (C1 − C3)τ + C2 − C4
(Λ1 − Λ2)τ 2 + (C1 + C3)τ + C2 + C4
]A
2
√
3
B3


− 1
2A
{
[(Λ1 + Λ2)τ
2 + (C1 − C3)τ + C2 − C4][(Λ1 − Λ2)τ 2 + (C1 + C3)τ + C2 + C4]
} 1
4 , (A9)
and
φ(τ) = φ0

1− tanh ln
[
(Λ1 + Λ2)τ
2 + (C1 − C3)τ + C2 − C4
(Λ1 − Λ2)τ 2 + (C1 + C3)τ + C2 + C4
]A
2
√
3
B3


1
A
. (A10)
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